Introduction
In inspection devices or manufacturing equipment, a high-speed and precise positioning stage is needed. A ball screw and a linear motor are commonly used as the driving mechanism for the positioning stage, and the suitable one is selected according to the application (Otsuka, et al., 2001 ) (Horiuchi, 2001) (Oiwa, 2014) . When low cost or high thrust force is required, ball screws are often chosen. The frequency response of the plant output for a certain control input is measured first when designing a controller of a ball-screw-driven stage, and a linear model (which is obtained by curve-fit of the measured frequency-response) is generally used as the plant model (Iwasaki, et al., 2006) . It is, however, a problem that the frequency response cannot be obtained in the design phase. If the frequency response of the stage could be estimated from the design data, it is expected that the performance of the positioning stage could be estimated. In addition, if the frequency response of the stage with a modified structure could be estimated, stage structure could be improved.
It is known that a ball-screw driving system has natural modes caused by the stiffness of the screw shaft, and a mathematical model based on the components of the system has been proposed (Tsutsumi, et al., 1995) . However, in this mathematical model, since each component of the system is treated as a lumped constant, the vibration effect of the Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej. stage or the equipment base is not expressed. Another mathematical model of ball-screw driving system takes into account equipment-base vibration (Matsubara, et al., 2004) . In this model, since the vibration mode in which the whole base vibrates is modeled with lumped parameters, the other vibration modes in which the stage or the base itself deforms cannot be expressed.
In a previous study, considering the above-described issues and targeting the ball-screw-driven stage on a printed-circuit-board drilling machine, the authors formulated a modeling method that estimates the frequency response of the stage on the basis of the specification of the ball-screw driving system and the layout of system components (Takahashi, 2012) . In the present study, we demonstrate that the frequency response of the ball-screw-driven stage cannot be expressed with a lumped-parameter-system model because of the vibration modes of structures such as the stage and the base. Subsequently, a modeling method combining a lumped-parameter-system model and FEM models based on mode synthesis (Nagamatsu, Okuma, 1991) is proposed. The effectiveness of the combined modeling method is demonstrated experimentally.
Drilling machine and ball-screw-driven stage
The structure of a drilling machine, namely, a machine tool for drilling via holes in printed circuit boards, is shown in Fig. 1 . The machine can drill more than 1,000 holes per minute. The stage, which brings printed-circuit boards to be drilled, moves in the X-direction on the bed; the cross slide (on which the spindles are mounted) moves in the Y direction; and the spindles are positioned above the printed circuit boards. After that, the drills on the spindles drill via holes in the printed circuit boards with a vertical motion. In this way, positioning and drilling are repeated, and the required pattern of via holes is processed. Both the stage and the cross slide are driven with a servo motor and a ball screw. In this study, this stage was targeted, and a method for modeling movement of the stage was formulated.
The structure of the ball-screw-driven stage and its control system is shown in Fig. 2 . The stage is supported with linear guides on a bed. The driving mechanism consists of a servo motor, a coupling, a screw shaft, and a nut. The servo motor rotates the screw shaft; the nut converts rotary motion to translational motion and drives the stage. The angle of the servo motor is measured with a rotary encoder mounted on the motor, and the position of the stage is measured with a linear scale. The linear-scale head is mounted on the stage, and the linear-scale body is mounted on bed, and the relative position between the head and body is measured as the position of the stage. The stage controller Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej.16-00068] 3. Problems concerning modeling a ball-screw driven stage 3.1 Lumped-parameter system model of a ball-screw driving system
A ball-screw driving system has natural modes caused by the axial and torsional stiffness of the screw shaft, and these modes affect the stability of the control system and cause residual vibration during positioning of the stage. A "four-inertia model" of a ball-screw driving system is shown in Fig. 3 (Matsubara, 2008) . This model treats each component as a lumped constant, and the four moments of inertia of the components are connected by stiffness and damping parameters. The four inertia parameters are the moment of inertia of the rotor (J m ), the moment of inertia of the screw shaft (J b ), the mass of the screw shaft (M b ), and the mass of the stage (M t ). Each inertia parameter in the four-inertia model is defined in Table 1 . The moment of inertia of the rotor and that of the screw shaft (which are connected by the torsional stiffness of the coupling) are rotated by the motor torque, where θ m and θ b represent motor angle and screw-shaft angle. The motion of the screw shaft in the x-direction is considered, and the mass of the screw shaft is supported by the axial stiffness of the screw shaft and its bearing, where x b represents the position of the screw shaft. The rotary motion of the screw shaft is converted to translational motion by the nut, and x b +Rθ b represents the position at which the nut is mounted. R is a conversion factor, which is determined by the lead of the ball screw. The mass of the stage and the nut mounting position are connected through the axial stiffness of the nut, and x t represents the stage position. Angle of screw shaft Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej.16-00068] Frequency response of the ball-screw-driven stage was calculated by using the four-inertia model. The masses, moments of inertia, and stiffnesses listed in Table 1 were determined by measuring each part or referencing the specifications in the appropriate catalog. Frictions or damping parameters were not determined in advance. The mechanical damping ratio was set to a few percent and approximate values were used. A block diagram of the four-inertia model in Fig. 3 is shown in Fig. 4 . The left side of the diagram shows the rotary motion of the rotor and the screw shaft, and the right side shows the translational motion of the screw shaft and the stage. Both sides are connected by conversion factor R.
The frequency response of the stage, which was calculated with the block diagram in Fig. 4 (adding the filter characteristics of the servo amplifier), is shown in Fig. 5 . The frequency responses of motor angle θ m and stage position x t were calculated, since the full closed-loop controller of the stage needs both signals (as described above). Bode diagram of θ m for the motor-current command is shown in Fig. 5 (a), and that of x t for the motor-current command is shown in Fig. 5(b) . The frequency response of the stage measured from an actual drilling machine is superposed on the diagrams. It is known that the drilling machine has a natural mode in which the whole machine swings back and forth in the x-direction (called "rocking" mode), and the vibration from the rocking mode appears in the residual vibration during positioning. The frequency (horizontal axis in Fig. 5 ) was normalized with the natural frequency of the rocking
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Stage position Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) The four-inertia model has a noticeable peak at 3.8f 1 , which is due to axial stiffness of the screw shaft. However, the measured lines show more peaks and they do not match the four-inertia-model peaks.
mode (f 1 ). The rocking mode was hard to identify as a peak in Fig. 5 , but arrow (i) indicates its location. The frequency response given by the four-inertia model has a resonance peak at 3.8f 1 . This peak is the natural mode in which the stage vibrates in the axial direction due to the axial stiffness of the screw shaft. However, in addition to the rocking-mode peaks, other peaks occur in the measured frequency response, and the frequency responses given by the four-inertia model and the measured responses do not match. Arrows (ii) to (iv) indicate the noticeable peaks in Fig. 5 . It is considered that each peak corresponds to a natural mode caused by the axial stiffness of the screw shaft; however, the natural frequency does not match these peaks. The natural modes of structures such as the stage or bed, which were not taken into account in the four-inertia model, cause the measured frequency response. For modeling the ball-screw-driven stage, it is thus necessary to determine the natural modes, which cannot be expressed by the four-inertia model, and to integrate the effects of these modes into the model.
Experimental mode analysis of stage
To determine the natural modes that affect the frequency response of the stage, an experimental mode analysis was performed. Accelerometers were mounted at each point of the drilling machine so that the shape of the machine could be identified. The machine was excited by shaking the stage, and transfer functions were measured. The mode shapes obtained from these transfer functions are shown in Fig. 6 . For a better view, the cross rail is omitted in Figs. 6(c) and (d). The rocking mode, in which the whole machine swings back and forth, is shown in Fig. 6(a) . The mode in which the cross rail and the bed vibrate back and forth in reverse phase is shown in Fig. 6(b) . The mode in which the whole stage vibrates back and forth is shown if Fig. 6(c) . The axial vibration mode of the stage in the four-inertia model corresponds to the mode shown in Fig. 6(c) . The central area of the stage has inclining deformation. It is considered that not only the axial stiffness of the screw shaft but also the stiffness of the stage affected the mode, and it varies the natural frequency. The mode in which the stage itself deforms in a bow shape is shown if Fig. 6(d) . The natural frequencies of these natural modes correspond to arrows (i) to (iv) in Fig. 5 . To model the ball-screw-driven stage, the effect of these natural modes has to be considered. 
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Modeling of ball-screw-driven stage by mode synthesis 4.1 Combination of vibration characteristics by mode synthesis
It was revealed in the preceding section that the four-inertia model is insufficient for modeling the ball-screwdriven stage, and it is necessary to consider the natural modes of the structure. Therefore, a method of integrating the effect of the natural modes is proposed hereafter. As for this method, a "lumped-parameter" system model and a transfer function expressed by summation of second-order delay systems were combined with the idea of mode synthesis (Nagamatsu, Okuma, 1991 ). An example of this combining method is explained with a simple system as follows. A 3-DOF (degree-of-freedom) model in which three masses (m 1 , m 2 , and m 3 ) are connected with a spring of stiffness (k) and damper (c) is shown in Fig. 7(a) . A block diagram of this 3-DOF model is shown in Fig. 7(b) , and the frequency response of the displacement of m 3 (x 3 ) due to a force applied to m 1 (F) is obtained from Fig. 7(b) .
An example in which the 3-DOF model is translated into a combination of a 2-DOF dynamical model and vibration characteristics is shown in Fig. 8(a) . In the dynamical model, masses m 2 and m 3 are considered as one mass (m 2 +m 3 ). To express relative motion of m 2 and m 3 , the vibration characteristic of the vibration system of m 2 and m 3 is calculated and integrated into the 2-DOF dynamical model. A block diagram of the combination of the 2-DOF dynamical model and the vibration model is shown in Fig. 8(b) . H 22 (s) and H 23 (s) represent the vibration characteristics and are given by Eqs.
(1) and (2). H 22 (s) and H 23 (s) consist of a rigid mode and a second-order delay system. Here, ω, ζ, K 22 , and K 23 are modal parameters of the vibration system of m 2 and m 3 . Namely, ω is a natural angular frequency, ζ is a modal damping ratio, K 22 is a residue when m 2 is both the excitation point and the response point, and K 23 is a residue when m 2 is the excitation point and m 3 is the response point. The motions of m 2 and m 3 caused by the force on m 2 can be expressed by Eqs. (1) and (2). The frequency response of the displacement of m 3 (x 3 ) for a force on m 1 (F) can be obtained from the block diagram in Fig. 8(b) . Frequency responses calculated from the 3-DOF model (Fig. 7(b) ) and the combination of the 2-DOF dynamical model and the vibration model (Fig. 8(b) ) under the certain Fig. 9 . These frequency responses are naturally the same. It is concluded that the effect of the natural mode can be combined with the lumped-parameter-system model using the transfer functions of the excitation point (corresponding to m 2 ) and response point (corresponding to m 3 ). In Fig. 8 , the vibration characteristics of the system composed of m 2 and m 3 could be expressed completely with two modes (a rigid mode and a mode expressed by a second-order delay system), since the system composed of m 2 and m 3 had two degrees of freedom. When the system combined with the lumped-parameter-system model has multi degrees of freedom, the vibration characteristics can be approximately expressed with a sufficient number of natural modes. This combining method is applied to modeling of the ball-screw-driven stage. The vibration characteristics of the stage or the bed are determined by the summation of the second-order delay systems and are connected to the lumped-parameter-system model of the ball-screw driving system. Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej.16-00068] 
Modeling of a ball-screw-driven stage with the FEM model
An outline of the modeling method of the ball-screw-driven stage is shown in Fig. 10 . The four-inertia model was used as the ball-screw driving system. The parameters of the four-inertia model were obtained from the specification of the ball-screw driving system. The vibration characteristics of the stage and the bed (namely, the foundation of the drilling machine) were combined by mode synthesis. The vibration characteristics were calculated from eigenvalue analysis using FEM models of the bed and stage. The analysis conditions of the FEM models are described later. The FEM model for the stage was also used for static analysis, and the stiffness of the nut mounting part was calculated.
The natural mode in which the whole stage vibrated back and forth, shown in Fig. 6(c) , was caused by axial stiffness of the screw shaft and could be expressed only with the four-inertia model. However, the natural frequency did not match according to Fig. 5 . As shown in Fig. 6(c) , the central area of the stage has inclining deformation. The thrust force on the nut provoked this deformation, meaning the stiffness of this part affected the natural mode. Therefore, it is necessary to calculate this stiffness and integrate into the model.
A block diagram of the ball-screw-driven stage model is shown in Fig. 11 . The parameters in the model are listed in Table 1 . This model consists of the four-inertia model shown in Fig. 4 and the vibration models of the bed and the Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej.16-00068] As shown in Fig. 12 , the excitation point of the bed-vibration system from the ball-screw driving system is the support of the screw shaft, and the response point is the linear-scale body on the bed. A transfer function of the screw-shaft support and a transfer function of the linear-scale body are thus needed. An FEM model of the bed side (except the stage) and the ball-screw driving system (as in Fig. 12 ) was prepared, and the modal parameters (ω, ζ, and K) were calculated by modal-frequency-response analysis with this FEM model. As the boundary condition of the FEM model, the leveling points of the bed were supported with springs. When the modal parameters were calculated, the component in the stage-movement direction was used. The upper right suffix "bd" stands for the bed model, and the lower right suffix "i" refers to the mode degree. The lower right suffixes "screw" and "scale" of residue K mean that the response point is either the screw shaft support or the linear scale body. Subsequently, the vibration characteristics of the stage consist of a rigid mode and second-order delay systems and are given by Eqs. (5) and (6) As shown in Fig. 13 , the excitation point of the stage-vibration system by the ball-screw driving system is the nut, and the response point is a linear-scale head on the stage. The transfer function of the nut and the transfer function of the linear scale head were needed. An FEM model of the moving stage (as shown if Fig. 13 ) was prepared, and the Motor angle Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej.16-00068] modal parameters (ω, ζ, and K) were calculated by modal frequency-response analysis with this FEM model. As the boundary condition of the FEM model, the linear guides on the stage were supported with springs. These springs bound the five degrees of freedom (except the stage-movement direction), and the spring constants were set according to the datasheets of the linear guides. Since the FEM model was not bound in the stage-movement direction, the rigid mode appeared in the result of the frequency-response analysis. When the modal parameters were calculated, the component in the stage-movement direction was used. The upper-right suffix "st" stands for the stage model, and the lower-right suffix "i" refers to the mode degree. The lower-right suffixes "nut" and "head" of residue K mean that the response point is the nut or the linear-scale head. The vibration characteristics of the bed and the stage could be combined with the lumped-parameter-system model by calculating the transfer function of the excitation point and response point. Since the stage position detected by the linear scale was the relative position of the linear-scale head and body, the linear-scale output was obtained from the difference between the positions of the linear-scale head and body.
The static analysis of the stage was performed as follows. Since the nut was mounted on the stage away from the center of gravity of the stage, the thrust force on the nut twisted the central part of the stage. The deformation of the stage indicates a low rigid part between the nut and the stage. Therefore, a certain thrust force was applied on the nut of the stage FEM model, as shown in Fig. 14 , and the axial deformation of the nut was calculated by static analysis. As the boundary condition of the FEM model, the linear guides on the stage were bound completely. Then, the stiffness was obtained from the force and the deformation, and was added to nut stiffness K n serially. As a result, the natural mode in which the whole stage vibrates back and forth, as shown in Fig. 6(c) , can be reproduced. Takahashi, Yuki and Suzuki, Mechanical Engineering Journal, Vol.3, No.4 (2016) [DOI: 10.1299/mej.16-00068]
Determining frequency response of ball-screw-driven stage with proposed method
The frequency response of the ball-screw-driven stage calculated by the proposed method is shown in Fig. 15 . Mode degree i was set as 30 so that the major natural modes shown in Fig. 6 were included. Unlike the results given by the four-inertia model, the frequency response obtained from the proposed model has resonance peaks caused by the vibration characteristics of the structure. The natural frequencies of the noticeable peaks (i) to (iv), shown in Fig. 5 , given by the measured values and the two models are compared in Table 2 . The four-inertia model can only express natural mode (iii), and the error of the natural frequency is large. On the other hand, the proposed model can express all the natural frequencies, and the errors of the natural frequencies are below 10%. These results confirm that the combination of the lumped-parameter-system model and the vibration model can express the frequency response of the ball-screw-driven stage accurately. 
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Conclusion
With the aim of estimating the positioning performance of a ball-screw-driven stage in the design phase of the stage, a method for modeling the stage is proposed. It was indicated that the frequency response of the stage was affected by not only the ball-screw driving system but the natural modes of the structure (such as the bed and the stage). The combination of a lumped-parameter-system model of the ball-screw driving system and a vibration model based on the FEM model using mode synthesis was proposed. By comparison with experimental measurements, the effectiveness of the proposed method was demonstrated.
The ball-screw-driven stage of drilling machines was targeted in this study, but the proposed method can be applied for the other inspection devices or manufacturing equipment. With this proposed method, it is expected to shorten development period or to lower development costs of ball-screw-driven stages.
